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1. INTRODUCTION 
LET L be an unoriented link in S3. A Conway sphere for L is a 2-sphere in S3 meeting 
L tranversely at four points. Given such a 2-sphere S, a mutation of L can be described as 
follows. Take the 3-ball bounded by Sin Fig. 1, rotate it 180” around one of the three axes so 
that the four points are permuted, and then glue it back. The resulting link, denoted by L’, is 
called a mutant of L. 
Generalized mutations can be defined for arbitrary 3-manifolds, with or without a link. 
Moreover, the link can be with or without a framing. To define these, we first consider the 
following involutions. 
A framed link in a 3-manifold is a link together with a choice of a trivialization of the 
normal bundle of the link. Equivalently, it can be specified by choosing a parallel copy for 
each component of the link. A framed link 1 on a surface F is a finite collection of points on 
F together with nonzero vectors in the tangent space of F at these points. Denote by Fg, n the 
closed orientable surface of genus g with a framed link that consists of n points and tangent 
vectors at these points. If (g, n) = (2,0), (1,2), (l,O), (0,4), (0,2), or (O,O), we say that Fg, n is 
small, and we denote T an involution of Fg, n defined by a 180” rotation as shown in Fig. 2. 
Let M be a closed orientable 3-manifold, K be framed link in M. Let F be a 2-sided 
closed surface in M such that (F, 1) is small where 1 = F n K. Let r be an involution of (F, 1) 
defined above. A mutation of (M, K), denoted by (M’, K’) , is obtained by cutting M along 
F and regluing via r. 
Many topological invariants, such as the skein polynomial of links [7], Gromov’s norm 
of 3-manifolds [ll], are preserved by mutation. In this paper we prove that Witten 
invariants (for the Lie group SU(2)) are preserved by mutation. 
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Fig. 2. 
THEOREM 1. Let (M, K) be a 3-manifold with framed link, and (M’, K’) be a mutation of 
(M, K). Then Z(M, K) = Z(M’, K’), where Z(M, K) d enotes the Witten invariant of (M, K) 
for SU(2) 
The proof of Theorem 1 uses the surgery description of the Witten invariants. These 
were developed in [lo], [6], [S], [3]. The most convenient expression for us is in terms of 
the Kauffman brackets given in [3]. These we review in section 2. In section 3 we prove the 
main theorem. 
2. SURGERY FORMULA 
2.1. The Kauffman brackets 
A framed link in S3 can be represented by a link diagram using the “blackboard 
framing” (see [6]). The Kauffman bracket ([S]) ( ) is a map from the set of framed links in 





(S) = A(=) + A_‘()(), 
(0 u D) = 6(D), where 6 = -A2 - Ae2. 
(empty link) = 1. 
Kauffman skein module K(M) of a 3-manifold M is defined to be the free 
Z[A, A-‘]- module generated by the set of isotopy classes of framed links in M, quotiented 
by the relations Kl and K2 above. Let H, be the handlebody with genus g and identify 
H, with D, x I, where D, is the disk with g holes. It is known that K(H,) (denoted by 
K, from now on) is the free Z[A, A-‘I-module generated by the empty link and nontrivial 
links without trivial components in D,. 
If 1 is a framed link on c?M, one can define the Kauffman skein module K(M, I) in 
a similar way as before. That is, K(M, I) is the free Z[A, A- ‘I-module generated by the set 
of compact, properly embedded, framed l-manifolds K in M (up to isotopy rel8) such that 
K n 8M = I, quotiented by the relations Kl and K2 above. Let H,, n be the handlebody of 
genus g with a n-component framed link 1 on its boundary. Again we identify H, with D, x I 
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such that the framed link 1 lies on the outer component of D,. Just as before, it is easy to 
show that K (H,, n) (denoted by K,, n from now on) is the free Z[A, A- ‘]-module generated 
by compact properly embedded framed l-manifolds I without trivial circle components in 
D, such that I n dD, = 1. 
Let L be an unoriented framed link with n components in a 3-manifold M. If we order 
the components of L, there is a natural multilinear map dL: Ki x . . . x K1 -+ K(M) defined by 
“inserting into components of L” [BHMV]. If u E Ki, denote L(w) = $L(w, . , w) E K(M). 
Note L(o) is independent of the ordering of the components of L. If K u L is a link in M, 
K u L(o) E K(M) can be defined similarly by “inserting into components of L only”. 
2.2. Framing of 3-manifolds 
Witten invariants are in fact defined for 3-manifolds together with a choice of a 
2-framing (defined below). Changing a framing changes the invariant by a factor of a root of 
unity. This projective ambiguity was resolved by Atiyah who showed that there is a canoni- 
cal framing for any closed oriented 3-manifold [l]. 
A 2-framing (will be called framing from now on) of an oriented 3-manifold M is 
a section of its frame bundle F(TM). Two framings are considered equivalent if they are 
isotopic (rel boundary if i3M # 8) after being included diagonally into F(TM 0 TM). 
A framing of a closed oriented 2-manifold F is a section of the frame bundle of its stabilized 
tangent bundle, that is F(TF@&) where E is the trivial line bundle over F. 
Practically a framing can be represented by a bounding manifold as described below (see 
also [ 131 for further details). This will be used in 3.3 when we glue manifolds with framings. 
Let M be a closed oriented connected 3-manifold with framing a. Define 
o(a) = a(W) - fp,( W, a), where W is a compact oriented 4-manifold with d W = M, 
pl( W, a) is the relative Pontryagin class. Then a(a) is independent of the choice of W by 
Hirzebruch’s signature theorem. Thus a framing of a closed oriented 3-manifold M can be 
represented by a compact oriented 4-manifold W with 8 W = M. The corresponding 
framing r is the one with pi ( W, a) = 0. Two representatives W, and W, are considered 
equivalent if a( W,) = a( W,). The canonical framing is the a with b(a) = 0. 
If M is a compact oriented 3-manifold with a parametrized boundary, a framing of 
M can be represented by a pair (Mt, W) where Mt is a compact oriented 3-manifold with 
dMt = - cYM and W is a compact oriented 4-manifold with 8 W = M uaMt. Two represent- 
atives (M+,, W,) and (Mf2, W,) are considered equivalent if c(W,) = U( W,) and L1 = L2 
where Li = ker{H,(aM, R) + H1(Mti, It)}. 
If F is a closed oriented 2-manifold, a framing of F can be represented by a 3-manifold 
M with JM = F. Two representatives Ml and Mz are considered equivalent if 
ker{H,(F, R) + H1(M,, R)} = ker{H,(F, R) + H1(Mz, R)}. Thus any framing of F can be 
represented by a handlebody H with 8H = F. If M is a 3-manifold with aM = F, then 
a framing (Mt, W) on M induces one on F by taking Mt to be the 3-manifold that F bounds. 
Let F, and F2 be surfaces with framings represented by Ml and M$ respectively. 
A morphism from F, to F2 is a homeomorphism f: F1 + F, together with a framing on the 
mapping cylinder If of $ This framing can be represented by a 4-manifold W such that 
a W = -M: u If u -Ml. Two representatives W, and W, are considered equivalent if 
a(W,) = a( W,). Wall’s non-additivity theorem of signature [12] guarantees that two 
framed 3-manifold with homeomorphic boundaries can be glued along their boundary via 
a framed morphism to get a well-defined framed closed 3-manifold. 
Let F = (F, L) be a framed surface. The mapping class group M?) of (F, L) is defined to 
be the set of all morphisms from (F, L) to itself, with multip%tions being compositions. 
The forgetful map (f, n) +fdefines an epimorphism from M(F) to the classical mapping 
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class group M(F). It turns out that the kernel is isomorphic to the additive group Z and lies 
in the center of Mci/F). Thus M?) is a central extension of M(F) [l]. 
2.3. Suvgevy formula 
Given a framed link L in a 3-manifold M, one can do Dehn surgery along L and the 
resulting 3-manifold is denoted by M(L). A classical theorem in 3-manifold theory says that 
any closed oriented 3-manifold is homeomorphic to S3(L) for some framed link L in S3. 
Let (M, K) = (S3(L), K) be a 3-manifold with framed link K. For each integer p > 1 
define 
<K u W&J) 
*d”, K, = (u,(q)b+W) (u_ l(~p)>b-W4 
where R, E K 1 is a certain element depending on p, U ?I is the unknot with + 1 framing, 
h + (L) is the number of positive (negative) eigenvalues of the linking matrix of L. It is proved 
in [2] that this is a topological invariant of the pair (M, K). 
Let (M, K) = uy= ,(Mi, Ki) where u d enotes the disjoint union. For each framing c1 on 
M, for each pth root of unity K, define 
Z&M, cI, K) = $o(M)+bl(M)&4 iel dp(Mi, Ki) 
where b,(M), b,(M) are the Betti numbers of M, and n is a complex number depending on 
p and K. It is proved in [3] that this defines invariants of the framed 3-manifolds with framed 
links. These invariants Z,, )( are essentially the same as the ones in [6] [8] [lo]. It is believed 
that this gives rigorous mathematical definition of the Witten invariants for the Lie group 
SU(2). 
3. THE MAIN THEOREM 
Our main theorem is Theorem 2 below. It implies Theorem 1 in the introduction by 
taking x to be the canonical framing. Although the canonical framing is the most interesting 
case, it is more convenient for us to state and prove our theorem for any framing. 
Let (M, K) and (M’, K’) be a mutant pair. Let c( be a framing on M, define CC to be the 
framing on the mutant manifold M’ such that ~(cY lMj) = 0(x (Mi) for each component 
Mi of M. 
THEOREM 2. Z,,.(M, CI, K) = ZpJMr, CC’, K’). 
3.1. Proof for the separating case 
Throughout the proof of our theorem, we may assume that M is connected since the 
invariant Z,, I( is multiplicative under disjoint union. First we consider the case when 
F separates M. Thus M is a union of two submanifolds Ml and M2 glued along F, and M’ is 
Ml u Ml glued via 7. Let K c M, K’ c M’ be the framed links before and after the 
mutation (it is possible that K = K’ = 8). First we have 
LEMMA 3. There is a framed link L in S3 such that M z S3(L). Furthermore if we identify 
M with S3(L), then F is the standard unknotted surface in S3 and F n L = 8. 
Proof: Let 4: F --+ S3 be an unknotted embedding of F into S3, and S3 = HI u H2 be 
the Heegaard splitting of S3 given by the surface 4(F). We will show that there exists a link 
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Li in Hi such that 4: F +4(F) extends to a homeomorphism pi: Mi + Hi(Li) for i = 1 and 2. 
Let Hi be an identical copy of HZ, and A?1 = Ml u Hi glued along boundary by 4. 
Since ti, is closed and orientable, there is a framed link L1 in S3 such that A?1 E S3(L,). 
The handlebody Hi can be isotoped so that it is disjoint from L,, thus it can be thought of 
as an embedded handlebody in S3. By adding more unknotted components to L,, one can 
assume that Hi is the unknotted handlebody with the same embedding as H2 before. (One 
way to see this is to consider a core of Hi as an embedded graph in S3 with a framing for 
each circle. It can be represented by a planar diagram with the blackboard framing. By 
adding unknots with framing 1 to L1, one can change the crossings of the diagram until we 
have an unknotted graph with trivial framing.) Thus the homeomorphism 4;: 
Ml u H; = A?, -+ S3(L,) = H,(L,) u H2 induces a homeomorphism $1: Ml + H,(L,). 
Similarly there is a framed link L2 in H2 and a homeomorphism $2: Mz -+ H2(Lz) which 
agrees with 4 on F. Thus a homeomorphism 4: M + S3(L) is obtained by gluing 41 and +2r 
where L is the union L, v L,. 0 
Let S3 = HI u H2 be the standard Heegaard splitting determined by F. Let 
L = L, u L2 be as above. Let K = K, u K2 where Ki is a framed properly embedded 
l-manifold in Hi. The involution 5 extends over H, in an obvious way, yielding L; (resp. 
K;) as a framed link (resp. framed 1 -manifold) in H 1. Let L’ = L; u L, be the framed link in 
S3 after the mutation. We have M = S3(L), M’ = S3(LT) and K’ = K; u K,. 
LEMMA 4. (K u L(w)) = (K’ u L’(w)) for any o E K,. 
Proof. Let I= K n F be the framed link on F. The splitting S3 = H1 u Hz gives 
a bilinear pairing 
(,): K(HI,l)xK(H2,1)~ZCA,A-‘] (g K(S3)). 
We have (K u L(w)) = (K, u L,(o), K2 u L2(o)), and (K’ u L’(o)) = 
(K; u L;(o), K2 u L,(w)). Thus we need only to show that K; u L’,(w) = Kl u L,(w). 
To prove this, note that T extends over an obvious involution 5: H, -+ H, that rotates 
180” around the same axis. This extended homeomorphism induces an isomorphism r*: 
K(H 1, I) -+ K(H 1, i). Furthermore, K; u L’, (co) = T,(K 1 u L, (of). To see this, fix an order- 
ing of the components of L, , and note it induces an ordering of the components of L: . We 
have K; u c#J~:(x~, . . , x,) = 7*(K, u dL,(xlr. . ,x,)) for any links x,, . . , x, in 
the solid torus (here m is the number of components of L). Thus by linearity, 
K; u L;(o) = 7,(K1 u L,(o)) for any WE KI. 
By the Lemma below, z* = id, thus K; u L\(w) = K L u L,(w). Hence the lemma 
follows. 0 
LEMMA 5. T* = id: K,,. + Kg_, where 7* is the isomorphism induced by T: H,, n + H,, n. 
Proof: Since z* is a linear isomorphism, it is enough to show that r,(e) = e for any e in 
a basis of K,, “. But K,, n is a free Z [A, A - ’ ]-module whose basis consists of the following 
link diagrams with the blackboard framing (Fig. 3). 
K . collection of nl + It2 + n3( > 0) embedded circles in D,, ni of them are parallel to 2,o. 
the ith boundary components of D2. (nl + n, + n3 >, 0) 
K : one of the two arcs connecting the two marked points, union n parallel copies of 
embeidid circle in D,, all of them are parallel to I~D,. (n 2 0) 






KO, 4: two elements, being a pair of arcs connecting the four marked points. 
Kc,, I: one element: the arc connecting the two marked points. 
Kc,, 0: the empty link. 
In each case, it is obvious that r*(e) = e for each base element e. Thus the lemma is 
proved. 0 
Proof of the theorem (separating case). Let M = S3(L), where L is as in Lemma 3. We have 
(M, K) = (S3(L), K), (M’, K’) = (S3(L*), K’). By Lemma 4, (K u L(R,)) = (K’ u L’(i2,)). 
Next we need to compare b k (L) with b T (L’). To do this we need to orient the links. We 
orient L arbitrarily and then orient L’ so that the orientation of L2 remains the same, but 
the orientation of L; is reversed. Therefore the linking form of L’ is the same as that of L, 
thus b+(L) = b+(L’), b-L = b_(L’), and b,(M) = b,(M’). It follows that Z,,.(M,a,K) = 
Zp.K(Mr, d, K’). Thus the theorem is proved for the case when F separates. 0 
Next we consider the case when F is nonseperating. One can try to prove it using 
a similar idea as above. But a more interesting approach, which works in general, is to show 
this follows from the separating case by the axioms of the Topological Quantum Field 
Theory (denoted by TQFT from now on). 
3.2. TQFT derived from Z,,. 
The Witten invariants are best described in terms of a topological quantum field theory. 
Thus in addition to a numerical invariant for each closed framed 3-manifold with framed 
links, we also assign a finite dimensional Hilbert space H(F) to each closed orientable 
framed surface F with a framed link, and assign a vector Z(M) E H(BM) for each compact 
orientable framed 3-manifold M. These assignments satisfy certain axioms. In particular, if 
a framed 3-manifold M is a cobordism between framed surfaces F, and F,, then Z(M) can 
be regarded as a homomorphism Z(M): H(F,) + H(F,). For computational purpose the 
most useful axioms are the gluing axioms below 
1. If a closed framed 3-manifold M is a union of A4 1 and M2 glued along a closed surface 
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F, then Z(M) = (Z(M,), Z(M,) ), where ( ) denotes the inner product in the Hilbert space 
H(P). 
2. If F is a non-separating closed surface in M, and MF is the 3-dimensional framed 
cobordism obtained by cutting M along F, then Z(M) = Tr(Z(M,)). 
In particular, a closed framed 3-manifold M can be regarded as a cobordism between 
the empty surfaces, whose Hilbert space H(G) is in fact canonically isomorphic to the one 
dimensional Hilbert space C. Thus this gives a numerical invariant Z(M) in C. 
This shows how Witten invariants are described in terms of a TQFT. This process can 
be reversed. That is, given Witten invariants for closed 3-manifolds with framed links, one 
can recover the associated TQFT. The following is such a construction described in [3]. 
For each closed orientable framed surface with a framed link F, define V(F) to be the 
vector space over C freely generated by the set of pairs (M, 4) where M is a compact framed 
3-manifold with framed links, and 4: BM + F is a homeomorphism. 
Given two base elements (M,, r$l) and (M2, 42) of V(F), MI and M, can be glued along 
F via $i and #z to obtain a well-defined closed framed 3-manifold M = MI u Ma. The 
invariant Z(M) is well-defined in C. This extends to a natural bilinear form 
pz: V(F) x V(F) + C. The form fik is Hermitian, but not non-singular. To get a non-singular 
form, define H(F) to be V(F) modulo the radical of &. Then /I; induces a non-singular 
Hermitian form on H(F). Furthermore, if M is a compact oriented framed 3-manifold, the 
quotient map Z from V(I~M) to H(BM) assigns a vector Z(M) in H(dM). It is proved in [3] 
that this defines a TQFT consistent with the invariant we started with. 
3.3. Proof for the non-separating case 
Let F, M, M’ be as in the theorem, where F may or may not be separating. In order to 
compare Z(M) and Z(M’) under the giving framing, we need to keep track of the framing 
after mutation. Let F be with a framing represented by a handlebody H with aH = F. Let 
W be a 4-manifold with d W = M. We say that W is special if F = dH in W. Using the 
obvious extension r: H + H one can define a mutant for W by cutting W along H and 
regluing via r: H + H, the resulting 4-manifold is denoted by IV. Obviously dlV = M’. 
LEMMA 6. (1) Any framing of M can be represented by a special 4-mangold W. 
(2) If W is special, then CT(W) = a( W’). 
Proof: Let h?-, be the closed 3-manifold obtained by cutting M along F and then 
capping off the boundary with two copies of H using the identification aH = F. Let W, be 
a 4-manifold with d W, = I%?,. The special 4-manifold W can be chosen to be a union of 
W, and H x [ - 1, l] glued along two copies of H. One can change e(W) arbitrarily by 
taking connected sum with copies of CP(2) or - CP(2). 
Next we prove that the signature of W is preserved by mutation. Let H x [ - 1, 1] be 
a regular neighborhood of H and W, = W - H x (- l,l). Then W = W,., u H x [ - 1, 11. 
By Wall’s non-additivity theorem of signature [12], a(W) is determined by 
a( W,), o(H x [ - 1, 11) (which is 0), and the following three subspaces of H1(F x { f l}, R): 
ker{H,(P x { + l}, 9 + H1(MF, R)}, kerHi(F x { f l}, R) + HI(F x [ - 1, 11, R)), and 
ker{H,(F x ( _+ l}, R) + H,(H x { f l}, R)}. Since lV has the same splitting except the 
gluing map is composed with r at H x { - 11, CJ( WI) is determined by the same thing except 
HI (F x { - l}) is now reparametrized by r*, the induced map on HI. But r* = -id on 
HI(F x { - I}, R). Therefore it leaves all the subspaces of H1(F x { - l}, R) invariant. 
Hence a( WI) = a(W). q 
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Let I, be the mapping cylinder r: F 4 F with a framing represented by the mapping 
cylinder I, H _H. Then I, gives a homomorphism Z(I,):H(F) -+ H(F). 
LEMMA 7. Z(I,) = id: H(F) -+ H(F). 
Proof There is a naturally induced homomorphism rx: V(F) + V(F) by composing 
with I, such that the following diagram commutes 
I’(F) ‘r, V(F) 
n1 nl 
H(F) ‘:’ H(F) 
Let (M,, 4r), (M,, 42) be any two base elements in V(F). Form their union 
M = Ml u M2 and its mutant M’ along F. Both M and M’ have induced framings 
represented by special 4-manifolds W and W’. Furthermore, cr( W) = o( W’) by Lemma 6. 
Thus W and W’ represents mutant framing z and CC’ respectively. By the gluing axiom, 
Z(M, a) = (Z(M,), Z(M,)), and Z(M’, a’) = (Z(I,)(Z(M,)), Z(M,)). By the separating 
case of the theorem, Z(M,K) = Z(M’, CC). Thus b k((M,, c$~), (M2, &)) = /? b(z,(M,, c#I~), 
(M2, b)). BY linearity, BZ(x, Y) = PZ( 5,x, y) for all x, y E V(F). It follows that r#x - x is in 
the radical of the form /I; for all x E V(F). Hence Z(l,)x = x for all x E N(F). 0 
Proof of the theorem (non separating case). Let F be as in the theorem that is non- 
separating. Let W be a special 4-manifold representing the framing r on M. Then IV 
represents the framing CC’ on M’ by Lemma 6. By cutting (M, K) (resp. (M’, K’) ) along F we 
get framed cobordism MF (resp. M;) whose framing is represented by W, ( resp. Wh). 
Furthermore, M; is a composition of MF with I, with framing represented by the mapping 
cylinder of r: H -+ H. By Lemma 7, I, gives the identity map on H(F). Thus by the gluing 
axiom, we have Z(M’, CC, K’) = trZ(Mk) = rr(Z(I, oZ(M,)) = trZ(M,) = Z(M, CL, K). 
Thus we have finished the proof of Theorem 2. 0 
4. SOME REMARKS 
4.1. 3-manifolds with the same Witten invariants 
By Theorem 1, we can construct many examples of different 3-manifolds with the same 
Witten invariants. Indeed such examples have been found by Kania-Bartoszynska [4], 
Lickorish [9], and Yamada [lS]. But the mutation gives simple examples as follows. 
Example. Let X = S’ x S’ x S’ = T2 x S I, let Y = T2 xrS1. Then X and Y have the 
same Witten invariants. But X and Y are not homeomorphic. In fact their homology groups 
are already different: Hi(X) r Z@Z@Z, Hi(Y) g Z@Zz@Zz. It is easy to see that Y is 
the Seifert fibered space over the orbifold S2(2, 2,2,2) with an Euclidean geometry. 
More examples can be found by taking X, Y be fibered manifolds with fiber being the 
torus or the genus two surface. 
4.2. Links with the same Jones polynomial 
Generalized mutations also gives a way to construct links in S3 with the same Jones 
polynomial. There have been some standard such constructions, and below are three well 
known methods. 
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(a) Form connected sums KI # K2 and Kt # K2 where Kz denotes K2 with the opposite 
orientation. The two knots are different if K2 is non-invertible. But they have the same 
Jones polynomial. 
(b) Let L = LI u LZ be a two component link, K be a knot. Form two connected sums 
(LI #K) u L2 and LI u (L2 # K). The resulting two links have the same Jones polynomial. 
(c) Let L be an oriented link with a Conway sphere S. Define its mutation the same way 
as before except one may change all the orientations of L on one side of S if necessary to get 
an oriented link. The mutant link is usually different from L but it has the same Jones 
polynomial. 
The generalized mutations can be defined for oriented links in S3 as well. One simply 
reverses all the orientation of L on one side of the surface F,,,, if (g, n) # (0,4). For 
(g, n) = (0,4), the orientation convention is as above. (The point is to make sure that the 
resulting link has a consistent orientation and the linking numbers between link compo- 
nents remain the same). 
Under this definition, a standard argument using the relationship between Jones 
polynomial and Kauffman bracket [S] shows that (generalized) mutant links have the same 
Jones polynomial. The three construction above are then unified under the same operation 
mutation: Case (a) can be realized by a mutation along Fo, 2, case (b) and (c) are both 
mutations along Fo,~. Furthermore, mutations along other surfaces F2, 0, FI, 2, or 
Fr, 0 gives new constructions for links with the same Jones polynomial. 
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Added in proof. 
A similar result is obtained independently by A. Kawauchi. 
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